In the context of non-supersymmetric SO (10) models, we analyze the renormalization group equations for the fermions (including neutrinos) from the GUT energy scale down to the electroweak energy scale, explicitly taking into account the effects of an intermediate energy scale induced by a Pati-Salam gauge group. To determine the renormalization group running, we use a numerical minimization procedure based on a nested sampling algorithm that randomly generates the values of 19 model parameters at the GUT scale, evolves them, and finally constructs the values of the physical observables and compares them to the existing experimental data at the electroweak scale. We show that the evolved fermion masses and mixings present sizable deviations from the values obtained without including the effects of the intermediate scale.
Introduction
The lack of signals from physics beyond the Standard Model (SM) at the Large Hadron Collider (LHC) revives the question of which model constitutes the most appropriate extension of the SM and, if there is one, what is the energy scale where new features of particle interactions ought to be observed. The failure of the criterion of naturalness for new physics has caused a renaissance for models which aim to accommodate as much of the present state of knowledge as possible, while ignoring the fine-tuning problem [1, 2] . In the construction of a realistic model beyond the SM, one is, in principle, free to choose what features to be considered important. However, it is usually common practice that any new model should, at least, contain a unification scale compatible with a naive expectation for the proton life-time as well as a Yukawa sector compatible with low-energy data. In addition, the model should allow for accommodation of a dark matter candidate as well as the baryon asymmetry of the Universe.
In the present work, we will study a non-supersymmetric extension of the SM model based on the gauge group SO (10) , which has often been discussed in the previous literature [3] [4] [5] [6] [7] [8] [9] [10] . The gauge group SO(10) has the clear advantage that all SM fermions, including righthanded neutrinos, belong to the same 16 representation. However, the realization of the mechanism for the breaking to the SM gauge group requires the presence of large Higgs representations, and the consequent split of the multiplets to mass ranges differing in orders of magnitudes is an issue which, so far, has no satisfactory solutions in non-supersymmetric scenarios. Ad-hoc assumptions have been introduced [3, 5] , which allow for the choice of the multiplets of the Higgs representations taking part in the evolution of the coupling constants. In particular, if a member of a Higgs multiplet has a vacuum expectation value (vev), v, corresponding to the breaking of a subgroup, then the mass of the whole multiplet is O(v) and will thus not contribute to the evolution of the coupling constant for energies below v, whereas for energies above v, the multiplet will have a mass of the order of the next, larger, mass scale where the larger symmetry appears.
In general, the viability of an SO(10) model is based on the ability to reproduce the values of fermion masses and mixings at the electroweak (EW) scale, M Z . Recent fits to fermion observables in non-supersymmetric contexts, which are discussed in Refs. [2, 11, 12] , show that a Yukawa sector with 10 H and 126 H Higgs representations is, in terms of fields, the most economical choice that can accommodate all known low-energy data. To perform this task, one has either to extrapolate the values of the fermion parameters at the EW scale to the grand unified theory (GUT) scale, M GUT , or in the opposite direction to impose conditions on the Yukawa matrices defined at M GUT and evolve them down to M Z .
In this work, we will use the latter approach but, contrary to the procedure usually adopted in the literature, we explicitly take into account the presence of intermediate gauge groups, characterized by a mass scale M I . In fact, besides the evolution of the coupling constants, such contributions are expected to modify the evolution of the fermion masses and mixing, introducing relations among the Yukawa couplings at the same scale M I . We quantify the impact of using such new contributions in the renormalization group equations (RGEs) for fermion masses and mixings, considering an illustrative and simplified SO(10) model with a breaking chain given by [7] :
where the symbols should be self-explanatory. In the present model, the intermediate gauge group is the Pati-Salam (PS) group SU(4) × SU(2) L × SU(2) R , which was introduced in Ref. [13] , and in the first step, the breaking of SO(10) down to the PS group is achieved by means of a 210 H representation of Higgs. In the next step, the breaking of the PS group down to the SM gauge group is performed by means of a 126 H . At M Z , the final step of the breaking of the SM gauge group to SU(3) C × U(1) Y is obtained with a 10 H , we will, however, not consider any RG running below M Z . Given the exploratory character of our study, we do not address other relevant open problems in SO(10) models, such as the presence of a good dark matter candidate in the scalar spectrum or the possibility of producing the correct amount of baryon asymmetry in the Universe. We will, however, pay much attention to the energy of the GUT scale M GUT , the related coupling constant α GUT , and the energy of the intermediate scale M I , since they are all necessary ingredients for a correct evolution of fermion masses and mixings. The output of our analysis will be the values of the elements of the Yukawa matrices at M GUT , which give a reasonable fit to the fermion observables at M Z . These values can directly be compared to the corresponding ones obtained from an evolution without the intermediate scale starting at M GUT , thus allowing a quantification of the new effects introduced by the PS gauge group. This paper is organized as follows. In Sect. 2, we present our notation for the relevant fields and discuss the evolution of the gauge coupling constants. Then, in Sect. 3, we investigate the renormalization group running of the various Yukawa couplings such as the ones for charge leptons, neutrinos, and Higgs self-couplings. Next, in Sect. 4, we present a numerical parameter-fitting procedure to determine the renormalization group running of quark and lepton observables from the GUT scale M GUT down to the EW scale M Z and to find the effect of the intermediate energy scale M I . In Sect. 5, we give the numerical results and discuss the obtained results. Finally, in Sect. 6, we summarize the results and present our conclusions. In addition, in Appendix A, we list some useful RGEs for our investigation.
Evolution of gauge coupling constants
We work in the framework of SO(10) with two representations of Higgs fields, namely the 10 H and the 126 H , which are both relevant for generating the fermion mass matrices. In the PS group, the Higgs and matter fields decompose as
where F L and F R are the left-and right-handed parts of the 16, respectively. It is useful to introduce the following short-hand notations
These are the components of 126 H and 10 H which are involved in the breaking chain. It is thus clear that the other components must live at the GUT scale in order not to affect the breaking pattern [2] . For the sake of simplicity, we will restrict ourselves to one-loop matching so that the evolution equations for the gauge coupling constants α i between two energy scales M 1 and M 2 are given by the standard formula [14, 15] α
where the coefficients a i can be obtained from, e.g., Ref. [14] . At M GUT , the gauge couplings are unified and the matching conditions are simply
where α 4C , α 2R , and α ′ 2L are the coupling constants of SU(4), SU(2) R , and SU(2) L above M I , respectively. Next, we have to determine the running for a 4C , a ′ 2L , and a 2R between M GUT and M I . The relevant Higgs fields, which are participating in the running in this energy region, are Φ, Σ, and ∆ R . Here, Φ and ∆ R contribute to α 4C , Φ and Σ to α 2L , and all three of them to α 2R . At M I , we impose the relations [7] :
where α 3C , α 2L , and α 1Y are the SM gauge coupling constants. Eventually, in the running from M I down to M Z , the Higgs representations involved in the RGEs are [under the SM gauge group SU(3)
Hence, in this model, there are four Higgs SU(2) doublets to be dealt with. It is, however, beyond the scope of the present work to discuss in detail the scalar potential of the model and to identify which combination of potential parameters allows a unique light scalar Higgs particle, in accordance with the recent discovery at the LHC. At M Z ≃ 91.19 GeV, imposing the experimental constraints, given by [16] 
we obtain the values of the mass scales (to be used throughout this work):
and the value of the gauge coupling at M GUT is α GUT ≃ 0.027. The errors on the mass scales only include the propagated uncertainties from the SM coupling constants and the Z boson mass. Then, although the value of M GUT is marginally compatible with a naive estimate of the life-time of the proton, which would require M GUT ∼ 10 16 GeV, unknown threshold corrections [17] can easily increase the estimated errors, thus allowing for a larger value of M GUT . We should stress again that the main goal of this work is to quantify the effects of M I on the RGEs for the fermion observables rather than to construct a realistic model based on SO(10).
RG running of Yukawa couplings
In this section, we briefly discuss the relevant RGEs and matching conditions among the Yukawa couplings defined at the SO(10) breaking scale, i.e. the GUT scale, and at the intermediate scale.
Charged leptons
At M GUT , the Yukawa sector reads
where h and f are unknown symmetric couplings to be determined through a fitting procedure. Furthermore, in the region between M GUT and M I , the Yukawa part of the Lagrangian is given by [18] 
where
, and Y (126) R are Yukawa couplings. In this region, the one-loop RGEs for the effective Yukawa couplings are determined in Ref. [18] and given for reference in Appendix A.1. Furthermore, at M GUT , the couplings Y have to be matched to h and f :
where the numerical factors are Clebsch-Gordan coefficients needed for a correct embedding of PS into SO(10) [19] . Note that in order to derive the fermion mass matrices one has to introduce the vev's of the appropriate Higgs multiplets. In standard notation, the relevant contribution to fermion masses and mixing come from the Φ submultiplet of the 10 H and the Σ submultiplet of the 126 H , which can be written as
In particular, it is useful to introduce the ratios
which allow us, using the Lagrangian given in Eq. (10) and the previous definitions, to obtain the following fermion mass matrices [11, 12, [20] [21] [22] ]
, and M R are the up-type quark, down-type quark, Dirac, chargedlepton, and right-handed neutrino mass matrices, respectively, and v R = ∆ R is the vev of ∆ R . Using the relations in Eqs. (12)- (14), we can rewrite Eq. (15) as
Finally, in the region between M I and M Z , the RG running down to the SM produces formally equivalent mass matrices, where we only have to distinguish among the upper and lower component of the SU(2) L doublets:
with the matching conditions at M I given by
where the factor 1/3 is a consequence of the property of the vev Σ ∼ diag(1, 1, 1, −3). In this region, the Yukawa Lagrangian is given by
where q L and ℓ L are the usual quark and lepton SU(2) doublets, respectively, and u R , d R , and e R are the corresponding SU (2) 
In our investigation, for the sake of simplicity, these vev's will be considered as fixed quantities.
Neutrinos
In the RG running of the Yukawa couplings, a further complication arises from the fact that besides the intermediate energy scale M I , there are also three seesaw energy scales related to the three heavy right-handed neutrinos which need to be taken into account. The picture can be simplified by assuming that all heavy neutrinos obtain the same mass at a seesaw energy scale coinciding with M I . In order to define the concept of neutrino masses and leptonic mixing as functions of the renormalization scale µ, we use the standard see-saw formula:
where M D and M R are µ-dependent quantities. In particular, above the seesaw energy scale, i.e. above the intermediate scale where µ > M I , the matrix M R (µ) in Eq. (21) is a RG running quantity defined as
Hence, assuming that ∆ R is a µ−independent quantity, its evolution is fully determined by the evolution of Y 
Below the seesaw scale, i.e. below the intermediate scale where µ < M I , we will instead consider an effective neutrino mass operator:
where κ (a,b) ij are flavor matrices satisfying κ
[23] and ǫ αβ is the two-dimensional antisymmetric tensor. Now, the light neutrino mass matrix can be expressed in terms of these effective coefficients and it is thus given by
Then, we can construct the matching conditions at M I . This is performed by comparing Eq. (25) with Eq. (23) using the relations in Eq. (20), which then gives the following expressions
The RGEs for the coefficients κ (a,b) ij are presented for reference in Appendix A.3. These RGEs depend on the Higgs self-couplings λ ijkl , which need to be taken into consideration in a consistent way. We will discuss these Higgs self-couplings in the next subsection.
Higgs self-couplings
As previously observed, our model contains four Higgs doublets at low energies, two doublets from Φ, i.e. φ 1 and φ 3 , and two from Σ, i.e. φ 2 and φ 4 . The doublets φ 1 and φ 2 couple to up-type quarks and leptons, whereas the doublets φ 3 and φ 4 couple to down-type quarks and leptons. The quartic terms in the scalar potential have the general form
This is a rather tedious expression which can, however, be simplified using the fact that the quartic couplings obey the following relations [derived from the form of the potential in Eq. (27) ]
The RGEs for the Higgs self-couplings are given by [24] 16π
where we have defined the auxiliary quantities
and
Furthermore, the following abbreviations have been used 
Note that the RG running of the Higgs couplings above M I is irrelevant for the evolution of the fermion masses and mixing parameters and therefore not taken into account here. In order to perform a numerical computation of the RG running of the fermionic parameters, one has to specify the choice of the initial conditions for the Higgs couplings. For the sake of simplicity, we allowed one of the Higgs couplings, λ 1 , to be free and the other three were fixed to λ 2 = 2 · 10 −2 , λ 3 = 1 · 10 −4 and λ 4 = 4 · 10 −3 .
Numerical parameter-fitting procedure
In this section, we present the numerical strategy that we have used to show the effect of the intermediate scale M I on the extrapolated values of fermion masses and mixings from the GUT scale M GUT . As we previously explained, we adopt the procedure of considering the entries of the couplings h and f as well as the vevs as our free parameters and evolving them
which need to be determined, together with one Higgs self-coupling at M I which is to be determined. Without loss of generality, we can work in the basis where the Yukawa coupling matrix h is real and diagonal. Then, we have three parameters in the real diagonal Yukawa coupling matrix h, twelve in the complex and symmetric Yukawa coupling matrix f , one in the parameter r v (which can be chosen to be real), two in the complex parameter s, and finally one in the vevs k d = v d . In addition we shall fit on of the Higgs couplings λ 1 at the intermediate scale.
The evolved observables depend on all the parameters, so an analytical minimization of the χ 2 function is not feasible. Hence, we adopt a numerical strategy, which consists of the following steps:
• First, the values of the parameters at M GUT are randomly generated according to some prior distribution.
• Then, they are evolved down to M Z after solving the RGEs discussed in previous sections.
• Next, at M Z , the observables can then be constructed and compared to experimental data.
• Finally, the procedure is repeated with new randomly sampled parameter values and the result is accepted according to the sampling algorithm until convergence occurs.
The advantage of using such a sampling algorithm rather than a simple parameter scan is that it is significantly more computationally efficient. For the sampling procedure, we used the software MultiNest, which is based on nested sampling normally used for calculation of the Bayesian evidence [25] [26] [27] . Nested sampling reduces the many-dimensional integration of the likelihood to a one-dimensional integral, which significantly will increase the speed of the calculation [28, 29] . Since this method is Bayesian, we necessarily have to make a choice of prior distributions for the parameters, which are fitted at M GUT . Note that we are not interested in the Bayesian analysis as such, and therefore, these priors could be considered simply as a bound on the parameter space. Nevertheless, since the orders of magnitude were unknown for the parameters in the matrices h and f , it was relevant to use logarithmic priors, ranging from 10 −15 to 10 −1 . For the remaining parameters suitable uniform priors were used. The comparison to the EW data is performed by maximizing the value of the logarithm of the likelihood L, which to a rather good approximation, i.e. the Gaussian approximation, is related to the χ 2 through χ 2 = −2 log(L) . The χ 2 function is, as usual, defined as
where X i is the experimental value of the ith observable, µ i the expectation value from the model, and σ exp i the experimental uncertainty. All observables which were used are presented in Table 1 .
For the purpose of this work, we only consider normal hierarchy (NH) for the neutrino masses. 4 In addition, we have not used the experimental uncertainties for the charged leptons, since these errors are very small. The minimization procedure of χ 2 would not [30] , the quark mixing parameters from Ref. [11] , and the neutrino mass-squared differences and the leptonic mixing angles from Ref. [31] .
converge in a reasonable time using the true experimental errors, since even a relatively small deviation from the experimental value would have a large impact on the magnitude of the χ 2 . In the present investigation, we are not interested in determining the values of the charged lepton masses to a great precision but rather to obtain values which are relatively close to the values measured at M Z , with a precision comparable to that of the measurements on the other SM observables. Therefore, we choose to impose a relative error on the charged lepton masses of 5 %.
Thus, the final result of this procedure will be the determination of the unknown parameters and, correspondingly, the values of the fermion observables at M GUT . The effect of M I on the RG running is appreciated by comparing such values with the ones obtained from RG running without M I , however still taking the seesaw scale into account.
Numerical results and discussion
Using the numerical parameter-fitting procedure described in Sect. 4, we perform a fit of the SO (10) 
The fit of the vevs k d and v d was done simultaneously and the best-fit value of this parameter was found to be k d = v d ≃ 56.3. Furthermore, the best-fit values of the parameters s and r v were found to be s ≃ 3.57 · 10 −2 + 0.40i and r v ≃ 65.3, respectively. At the intermediate scale M I , the values of the Higgs self-couplings had to be determined. These values are, in principle, arbitrary as long as the correct results are reproduced and the values are below the perturbative limit. Hence, only one of the Higgs self-couplings λ 1 was part of the fit and was fitted to a value of λ 1 ≃ 8.23 · 10 −4 , while the rest were kept fixed. The fit resulted in a value of the χ 2 function given in Eq. (34) is χ 2 ≃ 12.7, which is reasonable for this fit taking its complexity into account.
The values of the observables in the SO(10) model at the EW scale are given in Table 2 together with the corresponding pulls for these observables. In general, the pull is defined as
where X i is the value of the ith observable at the EW scale (given in Table 1 for all observables used), µ i is the value in the SO(10) model, and σ exp i is the experimental uncertainty (again given in Table 1 for all observables used). The observables which are most difficult to accommodate are the down, strange, and top quark masses as well as the quantities r and sin 2 θ ℓ 12 , although the experimental values are reproduced within about 2σ.
Quark sector Lepton sector Observable Table 2 : The values {µ i } of the observables in the SO(10) model at the EW scale presented together with the respective pulls {g i }.
In order to better perceive the impact of M I , we show the results of the RG running of the fermion observables from M GUT down to M Z (solid curves in Figs. 1-3) , i.e. the numerical solutions to the RGEs for the six quark masses (Fig. 1) , the three charged lepton masses and the ratio of the small and large neutrino mass squared differences (Fig. 2) , and the three leptonic mixing angles and the three quark mixing angles (Fig. 3) . These results are compared with the case where there is no intermediate scale M I , i.e. solving the RGEs assuming the same values of h and f given in Eqs. (35) and (36) and performing the RG running from M GUT down to M Z (dashed curves in Figs. 1-3) . The model we use for this comparison is the SM with a type-I seesaw in which the three heavy neutrinos are integrated out at different energy scales. The RG running for the SM was performed using the Mathematica software package REAP [32] . Now, we will discuss the results presented in Figs. 1-3 in some more depth and detail. First, in Fig. 1 , in the case of the model with M I , we observe that the slope of the RG running of the quark masses changes direction at M I : from M GUT down to M I , it decreases monotonically, whereas from M I down to M Z , it increases monotonically. The reason for Figure 2 : The RG running of the charged lepton masses (left plot) and the ratio of the smallto-large neutrino mass-squared differences (right plot), respectively, with (solid curves) and without (dashed curves) the intermediate energy scale M I as functions of the energy scale µ. this change of direction in the evolution can be deduced from the change of sign in front of the gauge coupling terms, which dominate the β-functions in the RGEs that are given in Appendices A.1 and A.2. As expected, in the case of the model without M I , i.e. the SM case, the RG running from M GUT down to M Z increases monotonically. Thus, at the M Z , the quark masses in the two cases will differ, and they will be larger in the SM case than in the model with M I . The smallest difference is for the top quark mass, which is 10 % larger at M Z , whereas the largest difference is for the bottom quark mass, which is 65 % larger. The other differences at M Z are 21 %, 44 %, 36 %, and 34 % for the up, down, charm, and strange quark, respectively. In general, the relative RG running for the quark masses is substantial, both with and without M I and it is essentially of the same size for both the up-type and down-type quarks.
Then, in Fig. 2 , the RG running of the lepton masses is presented. In the left plot of Fig. 2 , we display the RG running of the charged lepton masses, which exhibits a similar pattern to that of the RG running of the quark masses for the model with M I . However, in the SM case, the RG running has the opposite direction, i.e. it decreases monotonically from M GUT to M Z . Hence, at M Z , all charged lepton masses are approximately 21 % smaller in the SM case than in the model with M I . Note that there is no obvious cause for the decrease of the charged lepton masses and the increase of the quark masses from the RGEs, which are given in Ref. [32] , but rather a combined effect of several different terms in these equations. In the right plot of Fig. 2 , we show the RG running of the quantity r ≡ ∆m . This quantity exhibits significant RG running in both models, even though the behavior is rather different. However, this is to be expected, since the models differ most significantly in the neutrino sector. In the so-called SM, there are three seesaw scales which have a large effect on the RG running of r. In particular, the most substantial effect is caused by the crossing of the threshold imposed by the largest heavy neutrino mass, which is around 5.8 · 10
14 GeV. The RG running in the model with M I is moderate from M GUT down to M I but significant from M I down to M Z . At M Z , the value of r is 27 % larger in the SM than in the model with M I .
Finally, in Fig. 3 , we present the RG running of the leptonic and quark mixing angles. In the left plot of Fig. 3 , we display the RG running of the leptonic mixing angles. The evolution of these angles is negligible between M GUT and the seesaw scale for the model with M I . However, from the seesaw scale down to M Z , θ ℓ 12 increase monotonically whereas θ ℓ 23 decreases monotonically. The RG running of θ ℓ 13 is negligible. The exact reason for the behavior of the RG running of each parameter is difficult to pinpoint, since we evolve the Yukawa matrices and not the leptonic mixing angles themselves. However, the magnitude of the RG running is what would be expected from other analyses of seesaw models (see, e.g., Ref. [33] and references therein). In the SM, the angles are all larger at M Z , with the smallest difference occurring for θ ℓ 13 , which is only 3 % larger, and the largest difference for θ ℓ 23 , which is 17 % larger. The difference for θ ℓ 23 is 16 % larger. In the right plot of Fig. 3 , we show the RG running of the quark mixing angles. Unlike the other observables, we do not see a significant impact of M I on the evolution of the quark mixing angles, except for θ q 23 , which, in the SM, is 20 % smaller at M Z . To conclude, the RG running in the model with M I is naturally rather different from previous models presented in the literature, which is clearly realized in the comparison with the SM.
Summary and conclusions
In this work, we have explored the effects of an intermediate energy scale on the evolution of the fermion masses and mixings in an SO(10) model with a Pati-Salam intermediate gauge group. The effects have been compared to the evolution from the GUT scale down to the EW scale in a SM-like model with three additional right-handed neutrinos. In order to quantify the differences between the two models, we have first determined the entries of the Yukawa couplings h and f at the GUT scale, such that the fermion observables at the EW scale are reproduced with good accuracy in this SO(10) model. The same values of the h and f couplings were then used as a starting point at the GUT scale for the RG running in the SM, which allows for a comparison at the EW scale. We have found that the solutions to the RGEs, i.e., the values of the fermion observables, at the EW scale in the SM disagree compared to the SO(10) model well beyond experimental uncertainties, which are at the level of 30 % for the quark masses. Note that there is basically no RG running of the quark mixing angles, neither in the SO(10) model with an intermediate energy scale nor in the SM-like model. Thus, the result of our analysis is that the presence of intermediate scales has significant effects on the RG running of the fermion observables, and therefore, such intermediate scales must be taken into account in computations for a GUT model with intermediate gauge groups.
A Renormalization group equations
In this appendix, we list the RGEs for (i) the Yukawa couplings from M GUT to M I , (ii) the Yukawa couplings from M I to M Z , and (iii) RGEs for the effective neutrino mass matrix.
A.1 RGEs for the Yukawa couplings from M GUT to M I
Firstly, we present the RGEs for the Yukawa couplings from the GUT scale M GUT to the intermediate scale M I , which are given by 
where g 2L , g 2R , and g 4C are the SU(2) L , SU(2) R , and SU(4) C gauge coupling constants, respectively. 
A.2 RGEs for the
where g 3 , g 2 , and g Y are the SU(3) C , SU(2) L , and U(1) Y gauge coupling constants, respectively.
A.3 RGEs for the effective neutrino mass matrix
Similarly, we display the RGEs for coefficients of the effective neutrino mass matrix, which are given by 
where the parameters λ ijlm are the Higgs self-couplings, which have to be accounted for in a consistent way.
